Abstract In this note we derive an exact relation between Luenberger productivity indicators and Malmquist productivity indexes.
In a recent paper Boussemart et al. (2003) showed that the Malmquist index is a linear approximation of the Luenberger indicator, but they did not discuss their exact relationship.
We begin with some notation: denote input quantities by x ∈ N + , output quantities by y ∈ M + , and the technology by T τ = {(x, y) : x can produce y in period τ }.
The Malmquist productivity index, introduced by Caves et al. (1982) , is defined as ratio of distance function values. In particular the base (0) period output oriented Malmquist productivity index is defined as
where (x τ , y τ ) (τ = 0, 1) is an observed τ -period input-output vector and where
The corresponding Luenberger productivity indicator, introduced by Chambers (2002 Chambers ( , first version in 1996 is defined as (see also Chambers et al. 1996 )
where g = (g x , g y ) is a directional vector and where the directional technology distance function is defined as
The two distance functions are related by
That is we set g x = 0 N and g y = y, which implies that we are projecting (x, y) on the frontier of T τ in the direction of y. Following the suggestion of an anonymous referee, to relate the Malmquist index (2) to the Luenberger indicator (4), we use (6) to obtain
This expression shows the relation between the Malmquist index M 0 o and the Luenberger indicator £ 0 (0 N , y 1 ); note, however that this relationship also depends on the distance functions D 0
. We can remove this dependency by assuming that
This assumption is similar to that made by Caves et al. (1982) and it says that (x 0 , y 0 ) is on the frontier of technology T 0 . The following lemma shows that, given some assumptions, (8) implies that D 0 T (x 0 , y 0 ; 0 N , y 1 ) also is equal to zero. Hence, since (8) is equivalent to D 0 o (x 0 , y 0 ) = 1, we obtain a direct relation between the Malmquist index and the Luenberger indicator. Thus by (8) and the assumptions of the lemma we have established the following relation between the Malmquist index and the Luenberger indicator defined on the T 0 technology,
Lemma Assume that the period 0 technology exhibits strong disposability of outputs (i.e., (y , x) ∈ T 0 and y ≤ y implies that (y , x) ∈ T 0 ) and that y
One may also define a Malmquist index and a Luenberger indicator relative to the later period technology T 1 . From this it follows that, under similar assumptions,
Note the symmetry in the relationship between the directional and Shephard distance functions in (6) and the expressions in (9) and (10). In empirical applications, the geometric mean version of the Malmquist index is frequently employed, i.e.,
where M 1 o is the comparison period (1) Malmquist index, defined relative to T 1 . The corresponding Luenberger indicator is an arithmetic mean
In order to relate the two average expressions to each other we make use of the logarithmic mean which is defined for two positive real numbers a and b as
Balk (2003) attributes the introduction of this mean in economics to L. Törnqvist; see Törnqvist et al. (1985) . Applying the logarithmic mean to expression (9) yields
or M 
Hence,
which gives us a relation between the two average expressions (11) and (12).
